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Abstract 

We classify Haag-dual Poincare covariant subsystems B C J- of a 
graded-local net J- on 4D Minkowski spacetime which satisfies stan- 
dard assumptions and has trivial superselection structure. The result 
applies to the canonical field net J-j[ of a net A of local observables 
satisfying natural assumptions. As a consequence, provided that it has 
no nontrivial internal symmetries, such an observable net A is gener- 
ated by (the abstract versions of) the local energy-momentum tensor 
density and the observable local gauge currents which appear in the 
algebraic formulation of the quantum Noether theorem. Moreover, 
for a net A of local observables as above, we also classify the Poincare 
covariant local extensions B D A which preserve the dynamics. 



* Partially supported by the Italian MIUR and GNAMPA-INDAM. 
E>mail: carpi@sci.unich.it, conti@mi.uni-erlangen.de . 



1 



1 Introduction 



It is a fundamental insight of the algebraic approach to Quantum Field The- 
ory that a proper formulation of relativistic quantum physics should be based 
only on local observable quantities, see e.g. [HI]. The corresponding mathe- 
matical structure is a net A of local observables, namely an inclusion preserv- 
ing (isotonous) map which to every open double cone O in four dimensional 
Minkowski spacetime associates a von Neumann algebra A{0) (generated by 
the observables localized O) acting on a fixed Hilbert space Hq (the vacuum 
Hilbert space of A) and satisfying mathematically natural and physically 
motivated assumptions such as isotony, locality, Poincare covariance, posi- 
tivity of the energy and Haag-duality (Haag-Kastler axioms). The charge 
(superselection) structure of the theory is then encoded in the representation 
theory of the quasi-local C*-algebra (still denoted A) which is generated by 
the local von Neumann algebras A{0). 

The problem was then posed ^\ 1201; whether it is possible to recon- 
cile such an approach with the more conventional ones based on the use of 
unobservable fields and gauge groups. 

A major breakthrough was then provided by S.Doplicher and J.E. Roberts 
in [21. 

For any given observable net O ^ A{0), the Doplicher- Roberts recon- 
struction yields an associated canonical field system with gauge symmetry 
(JF, 71, G) describing the superselection structure of the net A corresponding 
to charges localizable in bounded regions (DHR sectors); for details see i24] 
where also the case of topological charges which are localizable in spacelike 
cones is considered. Here = JF4 is the complete normal field net of A, act- 
ing on a larger Hilbert space Ti D Tio, the representation vr is an embedding 
of A into JF c B(H) so that A = T'^ and the gauge group G ~ Aut^(JF) 
is a strongly compact subgroup of the unitary group f/(7i) (to simplify the 
notation we drop the symbol vr when there is no danger of confusion). 

Actually any (metrizable) compact group may appear as G (23- 

If every DHR sector of A is Poincare covariant (wich is the situation con- 
sidered in this paper) then the net T is also Poincare covariant with positive 
energy. In this case A is example of covariant subsystem (or subnet) of T . 
More generally a covariant subsystem ;B of JF is an isotonous map that asso- 
ciate to each double cone O a von Neumann subalgebra B{p^ of JF(0) which 
is compatible with the Poincare symmetry and the grading (giving normal 
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commutation relations) on T . Besides its natural mathematical interest the 
study of covariant subsystems appears also to be useful in the understanding 
of the possible role of local quantum fields of definite physical meaning, such 
as charge and energy-momentum densities, in the definition of the net of 
local observables (see ^1] and the references therein). 

In a previous paper [TU] we gave a complete classification of the (Haag- 
dual) covariant subsystems of a local field net T satisfying some standard 
additional assumptions (like the split property and the Bisognano-Wichmann 
property) and having trivial superselection structure in the sense that every 
representation of T satisfying the selection criterion of Doplicher, Haag and 
Roberts [201 (DHR representation) is unitarily equivalent to a multiple of the 
vacuum representation. The structure that emerged in this analysis is very 
simple: every Haag-dual covariant subsystem of T is of the form ® 1 for 
a suitable tensor product decomposition T = T\® T2 and strongly compact 
group if of unbroken internal symmetries of T\. 

Under reasonable assumptions for a net of local observables A it was also 
pointed out in ^Uj that the above result is sufficient to classify the covariant 
subsystems of ^ = (and thus those of A) when the latter net is local 
since in that case Ta has trivial superselection structure as a consequence of 

m- 

The main achievement of this paper is the generalization of the classifi- 
cation results in ^U] to the case of graded-local nets i.e. obeying to normal 
commutation relations at spacelike distances. Apart from the obvious gain 
in mathematical generality our work is intended to remove the ad hoc as- 
sumption on the locality of JF4 corresponding to the absence of DHR sectors 
of Fermi type, i.e. obeying to (para) Fermi statistics, for the net of local 
observables A. 

Besides its great theoretical value, the Doplicher- Roberts (re) construction 
will provide a major technical tool for our analysis. As in ^U] we will 
repeatedly exploit the possibility of comparing such constructions for dif- 
ferent subsystems given by the functorial properties of the correspondence 
B {Tb.Gb) discussed in j^. 

Compared to ^Uj! there are two preliminary problems which have to be 
settled. 

One has to give a meaning to the statement that "JF has trivial super- 
selection structure" and this is done by requiring that T has no nontrivial 
DHR representations, or, equivalently, that every DHR representation of the 
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Bose part of T is equivalent to a direct sum of irreducibles and that 
has only two DHR sectors. So in particular T = Tjrh. 

One has also to make it clear in which sense it may hold a tensor product 
decomposition of T (as graded local net) and this is done using the standard 
notion of product of Fermionic theories. 

Having these differences in mind, the classification results we obtain (see 
Theorem 13.41 and Theorem 13. 8|) are nothing but the natural reformulation 
of the results in ^Uj in the more general context, thus showing that in the 
graded local case the structure of Haag-dual Poincare covariant subsystems 
can still be described in terms of internal symmetries (cf. il]). However, 
though the general strategy is very much the same, some of the proofs are 
significantly different due to technical complications related to the fact that 
we did not found an efficient way to adapt to the graded-local situation some 
crucial arguments relying on the work of L. Ge and R.V. Kadison 28j. These 
differences are particularly evident in the proofs of Theorems 13 .41 and 13 . 31 and 
in fact also provide a partially alternative argument for the validity of the 
results in jTU]. The main new technical ingredients come from the theory of 
nets of subfactors and the theory of half-sided modular inclusions of von 
Neumann algebras supplemented with some ideas of H.J. Borchers |H 15 Uj . 

As a natural application of the classification result we provide a solution 
to a problem raised by S. Doplicher (see [TH]) about the possibility of a net 
of local observables to be generated by the corresponding canonical local 
implementations of symmetries with the characterization in Theorem 14.41 

During our study of subsystems we also realized that some of our methods 
can be useful to handle the opposite problem as well, namely to classify the 
local extensions of a given observable net A. If a local net B D A extends 
a given local net A satisfying the same conditions used in our analysis of 
subsystems, and if this extension "preserves the dynamics", then, modulo 
isomorphisms, B = JF^ for a suitable closed subgroup H of the gauge group 
of A (Theorem 15. 2|) . 

A crucial assumption on which our results depend and that deserves some 
comments is the requirement that the net of local observables has at most 
countably many DHR sectors, all with finite statistical dimension. 

Although the above properties probably are still waiting for a better un- 
derstanding they are strongly supported from the experience: no example of 
DHR sector with infinite statistics is known for a theory on a four- dimensional 
spacetime and the presence of uncountably many DHR sectors can be ruled 
out e.g. by the reasonable requirement that the complete field net fulfills the 
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split property (the situation is drastically different in the case of conformal 
nets on the circle [HI El 123 HI] ) • Thus, at the present state of knowledge, our 
results appear to be more than satisfactory. 

We refer the reader to standard textbooks on operator algebras like |13 
EH unexplained notions and facts freely used throughout the 

text. 

2 Preliminaries and assumptions 

We follow closely the discussion in jTU], pointing out the relevant modifica- 
tions. 

We write V for the component of the identity of the Poincare group and V 
for its the universal covering. Elements of V are denoted by pairs L = (A, x), 
where L is an element of the covering of the connected component of the 
Lorentz group and x is a spacetime translation. V acts in the usual fashion 
on the four-dimensional Minkowski spacetime M4 and the action of V on M4 
factors through V via the natural covering map V ^ V. 

The family of all open double cones and (causal) open wedges in M4 will 
be denoted fC and W, respectively. If S is any open region in spacetime, we 
denote by S' the interior of the causal complement S'^ of S. 

Throughout this paper we consider a net JF over /C, namely a correspon- 
dence O I— > J^{0) between open double cones and von Neumann algebras 
acting on a fixed separable (vacuum) Hilbert space Ti, = Tir- The following 
assumptions have been widely discussed in the literature and are by now 
considered more or less standard: 



(ii) Graded locality. There exists an involutive unitary operator n on Ti 
inducing a net automorphism of JF, i.e. a^iJ^iO)) = T(0) for 
each O G /C. Let T^{p) = {F e T{p) \ a^{F) = F} and J^^(O) = 
{F G J^{0) I af^{F) = —F} be the even (i.e., Bose) and the odd (i.e., 
Fermi) part of J-{0), respectively, and let JF* be the new (isotonous) 
net JF^ + kJF/ over JC. If Oi, (^2 € /C and Oi is spacelike separated from 



Isotony. If Oi C C2, Ci, O2 G /C, then 



nOi) C ^(02). 



(1) 



O2 then 



^(Oi) C ^*(02)' . 



(2) 
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(iii) Covariance. There is a strongly continuous unitary representation U 
of P such that, for every L &V and every O e /C, there holds 

U{L)T{0)U{L)* ^T{LO). (3) 

The grading and the spacetime symmetries are compatible, that is 
U {V) commutes with n. 

(iv) Existence and uniqueness of the vacuum. There exists a unique (up to 
a phase) unit vector Q ^Ti which is invariant under the restriction of U 
to the one-parameter subgroup of spacetime translations. In addition, 
one has kQ — Q,. 

(v) Positivity of the energy. The joint spectrum of the generators of the 
spacetime translations is contained in the closure V+ of the open for- 
ward light cone V+. 

(vi) Reeh-Schlieder property. The vacuum vector Q is cyclic and separating 
for T{0) for every O e /C. 

(vii) Twisted Haag duality. For every double cone C e /C there holds 

j7(^0)' ^ J^{0'), (4) 

where , for every isotonous net and open set S C M4, J-'{S) denote 
the von Neumann algebra defined by 

J^{S) = V HO). (5) 

OcS 

Equivalently, one has 

OiCC 

(in short — T^., where T'^ is the net defined by the r.h.s.) 

(viii) TCP covariance. There exists an antiunitary operator © (the TCP 
operator) on H such that: 

ef/(A,a;)e-i = [/(A,-x) V(A,a;)eP; 
QT{p)Q-^ = T{-0) VC e /C. 
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(ix) Bisognano- Wichmann property. Let 

Wr = {xeMi-.x^ > 

be the right wedge and let A and J be the modular operator and the 
modular conjugation of the algebra J^{Wr) with respect to fi, respec- 
tively. Then one has: 



A^* = f/(A(t),0); 
J = Zef/(^i(7r),0); 



(6) 
(7) 



kit) 



(8) 



where A(t) and Ri{6) denote the lifting in V of the one-parameter 
groups 

/ cosh27rt -sinh27rt 0\ 

- sinh 27it cosh 27rt 

10 

\ 1/ 

of Lorentz boosts in the x^-direction and R{0) of spatial rotations 
around the first axis, respectively, and Z = [I + in) /{I + i). 

(x) Split property. Let Oi,02 G /C be open double cones such that the 
closure of Oi is contained in O2 (as usual we write Oi CC O2). Then 
there is a type I factor Af{Oi, O2) such that 



(9) 



Assumption (ii) says that ^ is a graded- local (or Z2-graded) net; for F e 
J" define F+ = [F + a^{F))/2 and F_ = (F - a«(F))/2 with F = F+ + F_, 
then given Fi G jF(Oj), i = 1,2 with Oi and O2 spacelike separated the 
following normal (i.e., Bose- Fermi) commutation relations hold true: 

F1+F2+ = F2+F1+, Fi+F2_ = F2-F1+, Fi_F2_ = — F2_Fi_ . 

Note that J-"^, the net formed by all the elements of JF which are invariant 
under the Z2-grading, is a truly local, while JF* is a graded-local net (under 
the same k). Clearly JF** = JF. 

Among the consequences of these axioms one has that JF acts irreducibly 
on Ti, JF(M4) = B{l-L). Moreover, Vt is [/-invariant, and the algebras associ- 
ated with wedge regions are (type I Hi) factors. Strictly speaking, one can 
deduce TCP covariance from the other properties, see PUI Theorem 2.10]. 
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By the connection between spin and statistics, 

K = U{-I,0) (10) 

represents a rotation by angle 27r about any axis, see [201 Theorem 2.11]. (Of 
course, in the special case where k = 1, we are back in the situation of a 
local (Bose) net as described in [TU', Section 2].) 

From twisted Haag duality it follows that JF((9) = Hocw^iW), thus 
corresponds to an AB-system in the sense of |3H1- Note that Z!F{0)Z* = 
J-^{0\ for every O E IC. Also, the Bisognano-Wichmann property entails 
twisted wedge duality, namely ZJ^{W)Z*{= T\W)) = J^{W')\ see jSOl 
Prop. 2.5]. 

Note that JF^(S') (as defined by additivity) does not necessarily coincide 
with J^{Sf := {F e J^{S) I a^{F) = F} for general open sets S. 

Definition 2.1. A covariant subsystem B of T is an isotonous (nontrivial) 
net of von Neumann algebras over K, such that 

B{0) C T{0), 
U{L)B{0)U{L)* = B{LO) 

for every O E K, and L eV. 

Then we write B G J-". For instance, JF* is a covariant subsystem of JF. 
Clearly a covariant subsystem B G J-" is local if and only if B{0) G T^{0) 
for every G /C. 

For any open set S G M4, we also set 

B{S) = V B{0) . 

Ocs 

If Bi and B2 are covariant subsystems of JF, we denote by Bi V B2 the 
covariant subsystem of JF determined by {Bi V -82) (C) := Bi{0) V i32(C), 
O ElC. 

By the relation ()10|) a covariant subsystem B G J-" naturally inherits the 
grading from JF, namely kB{0)k* = B{0). Accordingly, B^ will stand for the 
local net over /C defined by B\0) = B{Of. Also, B* G is the (isotonous) 
net B^ + kBK 
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We denote by Hb := B(M.4)fl the closed cyclic subspace generated by B 
acting on Q, and by Ejg the corresponding orthogonal projection of Ti. onto 
Tis- It follows at once that Ejg commutes with U, thus with k. 

We say that a covariant subsystem B G J-' is Haag-dual if 

B{0) = Pi B{W) . 
As an example, JF^ is a Haag-dual subsystem of JF. 

Note that a Haag-dual subsystem B does not satisfy twisted Haag duality 
onTCjr (unless B = however it satisfies (twisted) Haag duality on its own 
vacuum Hilbert space Tig and the latter property in turn characterizes Haag- 
dual subsystems. 

If B is Haag-dual, then it satisfies all the properties (i)-(x) listed above 
in restriction to Ti^ with respect to the restricted representation U oi V 
(and grading and TCP operators), as it can be shown essentially by the 
same arguments given in the local case, see |1(J| Prop. 2.3]. We briefly 
discuss only the split property. By repeating the argument in the proof of 
Pm Prop. 2.3], mutatis mutandis, it suffices to show that TIb is separating 
for B{Oi) V B^O'^) C J^(Ci) V J^{02)' for every pair of double cones with 
Oi C 02- Pi ck 00 C 0[ n 02- Then ^{0^^ C {B{Oi) V B\0'^)y and 
HOafHB 3 J^{Oofn = {= e n \ = ^}). Consider e /C, 
C 02, and pick a Fermi unitary u in B{0). (Such a unitary always exists, 
as it can be seen by applying the polar decomposition to any Fermi element 
in B{0) and then using Borchers property B for B^ . The latter property 
holds as a consequence of the split property for B^ C JF'', inherited from the 
split property for T.) Then TiO^fuVt = uH^ = n^= e H \ = -^}). 
Hence Hb is cyclic for {B{0) V i3*(02))' and we are done. ^ 

If B is not Haag-dual it is always possible to consider the extension B"^ 
defined by B'^{0) = r{w(^w,WDO^{W), then B'^ will be a Haag-dual covariant 
subsystem of T with B'^{W) = B{W) for every wedge W eW and = Hb- 
Moreover, in restriction to Tig, B"^ is the (twisted) dual net of B, namely 

B'^{0) = B^{0')' holds on Tig where we used "to denote the restriction of B, 
resp. B'^ to Tig. (However, in order to simplify the notation, we shall often 
write B in place of B, specifying if necessary when B acts on 7i or Tig.) 

^It is perhaps worth to point out that the possibly stronger assumption (x') that for 
every Oi and O2 in JC with Oi C O2 the triple {J^{0i),T{02),^) is a W*-standard split 
inclusion in the sense of |22] (see Sect. 4) is also inherited by all Haag-dual subsystems. 
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For later use we need to recall the notion of tensor product of graded 
local nets. Given two graded local nets J^i on Tii and J^2 on 7^2 with grading 
involutive unitaries ni and K2 respectively, their tensor product J-' on 7ii(8>?i2 
is defined^ by setting 



Then JF is still a graded local net with the diagonal grading k = ki (S> ^2, 
moreover it satisfies twisted duality if both the J-'i do 42 . Symbolically 
we write JF = J^i®J^2 to stress that we are dealing with the graded tensor 
product. 3 One has J^^ = [T\ ® J^2)^ = k^® ® . Note that 
(J^i®J^2)^'^^' = jrfe^jr|. 

With our convention J^i sits inside JF as jFi (g) /, however in general JF2 
does not share this property. Nevertheless, jFj 9 F2 ^— 1 (S) F2+ + /ti ® F2- is 
a (normal) representation of unitarily equivalent to F2 ^ I ® F2. 

For instance, if the (Fermi) field ipi (resp. 1P2) generates Ti (resp. T2) 
then ipi® I and ki ® ip2 will generate JF = J^i®J^2- 

The graded tensor product JF = J^i®J^2 is covariant with respect to the 
representation U = Ui ® U2 and with vacuum vector Q = Qi®Q2, whenever 
J-'i is covariant with respect to the representation Ui with vacuum vector fij, 
z = 1,2. 

We say that two graded-local nets J-'i and JF2 as above are unitarily 
equivalent (or isomorphic) and write J-'i ~ J-2 if there exists a unitary op- 
erator W : Hi ^ n2 such that WJ^i{0)W* = T2{0) for every C e /C, 
WkiW* = K2, WUi{L)W* = U2{L), Lev and WVli = ^2. 

For reader's convenience we also recall some terminology and few facts 
that will be used throughout the paper without any further mention. 

A representation {vr, H.^} of the quasi-local C*-algebra associated to a 
local (irreducible, Haag-dual) net, say B, is said to satisfy the DHR selection 
criterion, or simply called a DHR representation, if for every double cone 
O E }C there exists some unitary Vq '■ 'Ht, — > TLb such that 



^The net !Fi ® T2 defined by means of the ordinary tensor product does not satisfy the 
normal commutation relations. 

■^Other equivalent definitions are possible, obtained e.g. by exchanging the role of the 
two components, or also T\®T2 ~ {T\ ® T'lf + (ki ® 1){T\ ® T-i)^ . 



J^{0) = J^i{0) ® T2{pf + KiTi{p) ® J^2{Oy . 



(11) 



VoTi{B)V^ = iTo{B), B G B{Oi), OiCO' . 



(12) 
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Here, ttq denotes the identical (vacuum) representation of B on Hb- 

Unitary equivalence classes of irreducible DHR representations are called 
DHR supers election sectors or simply DHR sectors. The statistics of a DHR 
sector is described by the statistical dimension, taking values in N U {oo}, 
and a sign ± describing the Bose-Fermi alternative. 

It is well-known, that a representation vr satisfies the DHR selection cri- 
terion if and only if it is unitarily equivalent to some representation of the 
form ttq o p, where p is a localized and transportable endomorphism of B. An 
account about all this matter can be found e.g. in see also [T^ 1^ US]. 

In passing, we observe that the definition of DHR representation, as ex- 
pressed by equation (fT^. carries over to graded- local nets, however the cor- 
respondence with localized and transportable endomorphisms is lost. 

The results discussed in this paper crucially rely on the analysis in [Tl] . 
especially Theorem 4.7 therein. This provides support for one further as- 
sumption, which plays an important role in the sequel. 

(A) Every representation of the local net satisfying the DHR selec- 
tion criterion is a (possibly infinite) direct sum of irreducible representations 
with finite statistics, moreover an irreducible DHR representation that is in- 
equivalent to the vacuum exists only when and then it is unique ( up 
to unitary equivalence). 

In particular JF itself is the canonical field net of in the sense of |24j . 
The following proposition is useful to shed more light on the assumption 
(A). 

Proposition 2.2. For afield net as above, the assumption (A) is satisfied 
if and only if every DHR representation of is a multiple of the vacuum 
representation. 

Proof. Let vr be a DHR representation of T^. Then vr is unitarily equivalent 
to a subrepresentation of the restriction of a DHR representation of T to 
see [H], p. 275 (the second paragraph following Proposition 4.3). If we 
assume that every DHR representation of is a multiple of the vacuum 
representation, it follows that vr is (equivalent to) a direct sum of irreducible 
representations of with finite statistics. If JF'' C these are parametrized 
by Z2 ~ Z2. 

Conversely, assume that the condition (A) holds and let vf be a DHR 
representation of JF. Then, restricting vr to JF'', it is not difficult to check 
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that one gets a DHR representation of JF''. By assumption, this restriction 
is thus equivalent to a direct sum of irreducible representations with finite 
statistics of . But then, it follows from |T3J Theorem A. 6] that tt itself is 
equivalent to a multiple of the vacuum representation of T . □ 

Starting from an observable algebra, the Doplicher-Roberts reconstruc- 
tion theorem [21] supplies us with many examples of field nets satisfying all 
the structural assumptions as above, cf. Proposition 14.11 

3 Classification of subsystems 

Unless otherwise specified, throughout this section B denotes a local Haag- 
dual covariant subsystem of T . 

Recall that by ^5 Theorem 3.5] an inclusion of local nets A G B sat- 
isfying suitable assumptions induces an inclusion of the canonical field nets 

c J-'b compatible with the grading and thus a fortiori also J-'\ C JFg and 

In particular, in our setting, from B C J-'^ we get B C J-'b C acting 
on H and B C JFg c JF'' best considered as acting on H^. Moreover these 
inclusions are compatible with the action of the Poincare group and thus, in 
particular jFg is a covariant subsystem of JF, cf. jTU] p. 96 and [TTl Theorem 
2.11]. 

As usual, for a covariant subsystem B C J-" we introduce the coset subsys- 
tem defined by B^O) = BiM^ynJ^iO), O E JC. Then C is a Haag-dual 
covariant subsystem. In principle B"^ d T could contain a non-trivial odd 
part, in which case it is convenient to consider also B^^ C T^. If B is local 
then B'^ could be graded local but if B is truly graded local then B'^ has to be 
local. As in [lOj we say that B is full in JF if B'^ is trivial. Note however that 
in ^3] the expression "full" is used in relation to subsystems with a different 
meaning. 

We take a similar route as in |10j . 

We denote ttq the vacuum representation of B on vr" that of JF on 7i 
and TT the representation of S on ?-^. vr satisfies the DHR selection criterion, 
hence tt ~ ttq o p for some localized and transportable p. Note that ttq is a 
subrepresentation of vr, thus id ^ p. We have the following result, cf. [TUI 
Proposition 3.2]. 
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Theorem 3.1. In our situation, all DHR sectors of B are covariant with 
positive energy and they have finite statistics. Furthermore there are at most 
countably many such DHR sectors and the actual representation of B on H 
is a direct sum of them in which every DHR sector appears with non zero 
multiplicity. 

Proof. Let a be an irreducible localized transportable endomorphism of B. 

Since B and J-' are relatively local we can extend a to a localized trans- 
portable endomorphism a of JF, see [HI Lemma 2.1] (and the paragraph 
preceding it). 

Then, by assumption (A), a, considered as a representation of JF, is nor- 
mal on JF* and thus is normal on by [T^ Theorem A. 6]. Since JF is 
irreducible in Ti and each normal representation of B{7i) is a multiple of the 
identical one we find vr'^ o 6" ~ ©ie/^'^ fo^' some finite or countable index set 
/. After restriction of both sides to B, na ~ ©jvr. 

From now on the same proof as in |10., Proposition 3.1] goes through. □ 

Proposition 3.2. The embedding vf of J^q into T satisfies vr ~ ttq ® / where 
ttq is the vacuum representation of on 'H^b- 

Proof. By our previous result the actual representation vf of jFg on 7i is 
normal with respect to the canonical representation of B on Tijc-g and thus, 
by Pl] , normal with respect to the actual (irreducible) representation of J^b 
on Tijc-g. The conclusion now follows as in the proof of Theorem 13 . II with J^q 
instead of JF. □ 

Besides the split property for implies that J^-^b^ = Tb-, see pH] . 

The following theorem will be of crucial importance. We postpone its 
lenghty proof to Appendix 1X1 

Theorem 3.3. If Tb is full m T then T^iyV)' ^TiyV) = CI for every wedge 
W. 

We are now ready to state our first classification result 

Theorem 3.4. Let B be a Haag-dual local covariant subsystem of T and let 
Tb be full in T . Then Tb = T. In particular if B is full, then there is a 
compact group G of unbroken internal symmetries of T (with k G 2{G), the 
center of G) such that B = T'^ . 



13 



Proof. Let us denote A4 the covariant subsystem JF^. By Theorem 13.31 we 
have, for any wedge W, M{Wy fl J^{W) = CI. Let vr^ and vr™ denote the 
vacuum representation and the identical representation on 7i of respec- 
tively. Then, as shown below one can prove that vr™ appears only once in tt™. 
Hence vr ~ ttq, namely also the multiplicity of ttq in vf is one. Thus Tij^^ = Ti 
and since jFg c the conclusion follows (e.g. by twisted Haag duality). □ 

Fix a wedge W and consider the set I = {W + a \ a & W^} ordered under 
inclusion. Then A4(W + a) C J-'(W + a) defines a directed standard net of 
subfactors with a standard conditional expectation as defined in pUl Section 
3]. Set M = {UaM{W + a))~ll-ll, = (Ua^iW + a))~ll-ll, then of course 
MCMC MiM^) = M" and C / C J^(M4) = B{n). 

Let 7f° denote the representation of on ?-^, vf™ that of Ai on Tijn and 
tt"^ = 7fO|^; clearly 71° = 7r°|^, vr^ = vf^l^v, and vr'" = vf'"!^. By gOl 
Corollary 3.3.] one can construct an endomorphism 7 : JF ^ 7VI such that 
^\j^(w+a) is Longo's canonical endomorphism of J^{W + a) into J^{W + a) 
whenever W (Z W + a, moreover 7 acts trivially on Ai (1 J-'{W)'. It follows 
from l^ni Proposition 3.4] that 

where p = Note that p{M{W + a)) C M{W + a) ifW CW + a. 

We set pvi/ := p\m(W)- It follows from Theorem 13.31 and (23 Corollary 
4.2.] (see also [2S1 Theorem 5.2.]) that iMiw) ~< Piy with multiphcity one. 
Let us assume now that vr™ -< vr"^ more than once. Then vr™ -< vr™ more 
than once. Let Vi,V2 G (7r™,7r™ o p) be isometrics with orthogonal ranges. 
Since the net Ai is relatively local with respect to JF, the C*-algebra J^o(W') 
generated by all the M{0) with C C W^' is contained Mr\J^{Wy and hence 
the action of p is trivial on it. For i = 1,2 and every M' G A4o{W) we have 
ViTT^iM') = n^op{M')V, = TToiM'W, i.e. V, e iT^{Mo{W')y = nS'iMiW)) 
and thus Vi = 7f^(Vri) with Wi e M{W), (i=l,2). But then it follows that 
Wi,W2 G {i-Miw), Pw) (notice that tt™ is faithful) and they are isometrics 
with orthogonal ranges, which is a contradiction. 

We now turn our attention to to non full subsystems. We begin with the 
following 

Lemma 3.5. Let B be a (not necessarily local) covariant subsystem of J^. 
Then B\J E'^ is full in T . 
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Proof. Since we have VS'^)(M4) = B(Mi)y B'^iM^), then (S VS^)(M4)' = 
BiM.^)' n B'^ (M^y . Hence, if a double cone O is contained in a wedge W, then 

(i3 V B^){M^y n J^(C) = B'{0) n i3^(M4)' c n B%wy. 

Hence the conclusion follows because B'^iW) is a factor. □ 

Proposition 3.6. If B is a local covariant subsystem of T , then one has 
J-'(Bc-^b = B^ on Tijr. 

Proof. Let r be a transportable endomorphism of {B'^Y say localized in the 
double cone O and f its functorial extension to D {B'^)^. Since f is 
implemented by a 1-cocycle in {B'^Y C B' we get f{b) = b, b E B, hence for 
the corresponding implementing Hilbert space of isometrics in JF = jF^t we 
have 

C B'nJ^iO) =B%0). 

Letting r to vary in the set A(gc)i,((9) of all transportable morphisms of {B^)'^ 
localized in O such Hilbert spaces generate jF(gc)6(0) and then it follows 
that JF(gc)i, C B^. Moreover it is not difficult to see that also the inclusion 
B'^ C JF(gc)6 holds and thus the conclusion follows. □ 

Proposition 3.7. The field net J^By{B'^)'' (acting on its own vacuum Hilbert 
space is canonically isomorphic to J-'b^B^ on Tirs ®'^B'' cis defined in formula 
Ml]] via the map 

FB^{F^I){I(g)B+ + k(g)B^) , (13) 

where F E J^b C J^BwiB")'' B = + E B^ C J^By(B''f- 

Proof. Standard arguments relying on the results in [IH] show that the vac- 
uum IS a product state for B V {B^f (cf. [4, Subsection VI.4]). It follows 
that the local net B V {B^Y acting on 'Hb\/(b'')'' is canonically isomorphic to 
B ® {B'^y acting on Hb <S> It follows from (the proof of) Theorem 

13.11 (cf. also Proposition 14. 1|) that every factorial DHR representation of B 
is a multiple of an irreducible DHR representation with finite statistical di- 
mension (in particular it is a type I representation). As a consequence every 
irreducible DHR representation of B^{B'^)'' is unitarily equivalent to a tensor 
product representation and therefore by Theorem 13. II and Proposition 13.61 it 
is realized up to equivalence as a subrepresentation on T^jr^ (g) Hb^- Hence, 
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jFgy(gc)b being generated by the product of Hilbert spaces of isometries in 
jFg, resp. B^, one has J^By^Bc^ = T^, V E'^ on 'Hj:^^ ^ and the conclusion 
follows from the uniqueness of the canonical field net [23 Theorem 3.6] along 
with formula 

To give more clues on formula (fTSjl we include a more detailed argument. 
It follows from Proposition 13.21 (with J-'i = J^Bwi^B^f place of JF) the ex- 
istence of a unitary W : Tijr^ T^jr^ ® /C, for some Hilbert space /C, such 
that 

WFW* = F(g)I, F eJ^BCJ^i . 

Since JFg and (B^)'' commute (by an argument similar to the proof of Propo- 
sition EiEl), it follows that 

WBW* =: I 0t{B), B e {B^f C . 

Moreover, using the easily proven fact that the grading decomposes as a 
tensor product, namely WkW* = k® ff for some k^, that {B'^)^ commutes 
with and that {B'-y (B^Y C {B'^f one also deduces that 

WBW* =: k®T{B), BeiB'YcJ^i. 

Being the representation of B'^ on Tijr^ a multiple of the vacuum represen- 
tation and r irreducible, without loss of generality one can identify K, with 
Tigc and r with the vacuum representation of B^. But this is exactly formula 
(Hn)) and we are done. □ 

We are now ready to state the complete classification theorem for local 
covariant subsystems of T. 

Theorem 3.8. Let B he a local covariant Haag-dual subsystem of J-'. Then 
T = Tb V B'^ on l-Ljr and the net of inclusions O ^ B{0) C J-'{0) on TCj^ is 
canonically isomorphic to O ^ jFg(O)^®/ C J-'b{0)®B^{0) on 'HrB®'^B<'j 
where H is the canonical gauge group of B. 

Proof. By Proposition 13.61 we have the following chain of inclusions on Tij^: 
B y B^ C Tb \J B" = Tb V T(^b'=)>' <^ ^bv(B'=)>' <^ ^- Thus, by Lemma 13.51 
TBv{B':)b is full in T and by Theorem 13.41 we have T = TBy{B'')b- Hence the 
conclusion follows from Proposition 13.71 □ 
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Remark 3.9. IfB is an arbitrary covariant subsystem of !F satisfying twisted 
Haag-duality on its vacuum Hilbert space Tifs then we can apply Theorem VJ.t^ 
to . Hence the inclusions G B C. T^b allow us to use Theorem VS.^ to 
classify all (not necessarily local) covariant subsystems of T satisfying Haag 
duality or twisted Haag duality on their own vacuum Hilbert space. 

4 Nets generated by local generators of sym- 
metries 

In this section we focus our attention on nets of observables generated by 
the local generators of symmetries, i.e. those arising in the framework of 
the Quantum Noether Theorem For some background on these nets we 
refer the reader to [121 HSl GDI El (see also for some related issues). The 
problem we are interested in is to find structural conditions ensuring that a 
given observable net is generated by such local generators of symmetries, see 
dHl (cf. also ini). 

We consider an observable net A satisfying the assumption (i)-(x) of 
Section 2, with graded locality (resp. twisted Haag duality) replaced by 
locality (resp. Haag duality). Notice that Borchers' property B for A follows 
e.g. from the split property. 

We further require A to have countably many DHR superselection sectors, 
all of which have finite statistical dimension. 

Let = JF4 and G = be the canonical field net and the compact 
gauge group of A. Arguing as in Theorem 4.1], one can then show that 
the assumption (A) for JF introduced in Section 2 is indeed satisfied, by virtue 
of ^5 Theorem 4.7]. We record this result here, as a slight improvement of 
dni Theorem 4.1]. 

Proposition 4.1. Let A be an isotonous net satisfying Haag duality and 
the split property on its irreducible vacuum representation. If A has at most 
countably many DHR superselection sectors, all of which have finite statistical 
dimension, then any DHR representation of A is unitarily equivalent to a 
(possibly infinite) direct sum of irreducible ones. Moreover, the canonical 
field net JF4 satisfies the assumption (A) in Sect. 2. 

All the other properties (i)-(ix) for T are also satisfied, cf. the discussion 
in jlOl Subsect. 4.2]. However, in order to apply the analysis in the previous 
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section to the present situation we have also to assume property (x) in Sect. 
2 to hold for T since it is still unknown whether the split property for A 
implies the split property for 

Finally in order to construct the local symmetry implementations as in 
[21121] we need to assume that, for each pair of double cones Ci, O2 with 0\ C 
(92; the vacuum vector is cyclic for the von Neumann algebra T{0\)' fl 
TiO'i). As a consequence the triple {T{P\),T{P'2), fi) is a W*-standard split 
inclusion in the sense of |22j . 

This last assumption is clearly redundant if T is local since in this case 
it follows directly from the Reeh-Schlieder property. Moreover, as shown in 
the introduction of in the graded local case it would be a consequence 
of the split property and the Reeh-Schlieder property for T if satisfies 
additivity and the time slice axiom as in ^1 Sect.l]. 

We denote by \E'a the universal localizing map associated with the triple 



a *-isomorphism of B{'H) onto the canonical interpolating factor of type / 
between T{Oi) and J^{02), see [5i Sect. 3]. 



K := Gm^^ = {ke Uin) I kj^{0)k* = T{p) VC G /C, A;^] = ^]} D G 



be the maximal group of unbroken (unitary) internal symmetries of JF, which 
in our setting is automatically strongly compact and commutes with Poincare 
transformations j22l Theorem 10.4], and let C be the net generated by the 
local version of the energy-momentum operator ^21, defined by 



\Ol,02:C'iCC'2CC' / 

The known properties of the universal localizing map |^ imply that 
C is a covariant subsystem of T such that 



A = (^(0i),^(02),fi), 



(14) 



Let 




C(0) C T{OY C T{Of. 
Moreover, by jl5| Corollary 2.5], we have 

t/(/,M^) C C(M4) =^^(1^4) . 
From Theorem 13. 4[ it readily follows the following result: 



(15) 



(16) 
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Theorem 4.2. The net C is a full covariant subsystem of J-" such that 

= J^^ . (17) 

This equahty was aheady proved in ^U] in the case where is Bosonic. 
Then one has also JF = Ted and K ~ Avii(2d{T) ^1 Proposition 4.3]. 

It follows at once that A = ii and only ii G = K, if and only if A has 
no proper Haag-dual subsystem full in JF, cf. [10, Corollary 4.2]. 

In the following we somehow exploit the isomorphism between the lattice 
structure of subgroups of K and that of "intermediate" subsystems of T. 
Actually our arguments rest only on the validity of the equality (jl7p . 

The internal symmetries in K leaving A = T'^ globally invariant are 
exactly those in Nj^(G) := \k ^ K \ kGk~^ = G}, the normalizer of G in K. 
The internal symmetry group of A can thus be identified with Nk{G)/G [71 
Proposition 3.1]. 

We consider the local extension Cg of C in JF by the local currents asso- 
ciated with G, C C Cg C T, where 



Cg{0) :-- 



\Oi,02-:oic02co 



Then Cq = JF*^ for some G <Z K [T^ Theorem 4.1]; furthermore, T = T^d^ 

and G ~ Aut^d (JF), again by Theorem 13.41 Of course, k & K belongs to G 
if and only if for each A one has 



k^K{x)k-^ = ^^AikXk-^) = ^a(x) ,x eG'nG" , (18) 

if and only if 



kXk-^ = x, X eG'n G". (19) 

Notice that now A has disappeared from our condition. In particular G G G, 
so that C C Cg C T^ C T. 

It is also direct to check that G C NxiG), i.e. G leaves T'^ globally 
invariant. To see this, we observe that the orthogonal projection Eg of 
n = m onto = T^ lies in {T^y n (T^)" = G" n G" = Z{G"), hence 
[G, Eg] = 0; then for any ip G and k E G one has EGkip = kip, hence 
khk'^ip = ip, h E G and the conclusion follows since 

G = {k e K \ kip = ifj, ipe n^} . 
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Therefore if A; G G then Ad{k) determines (continuous) automorphisms 
of both G and G" = A'. Let be the natural homomorphism Nk{G) 
Aut(G), with kernel Ck{G), the centralizer of G in K. 

By )241 Lemma 3.13] all the representations of the compact groups above 
(e.g. K) on TC are quasi-equivalent to the corresponding left-regular repre- 
sentations. Since by Eq. (jl9j) k E K belongs to G if and only if its adjoint 
action is trivial on the center of the von Neumann algebra G" we can con- 
clude that /c e G if and only if A; G Nk{G) and ao{k) G AutQ^G), where 
Aut(j(G) is the group of the automorphisms of G acting trivially on the set 
G of equivalence classes of irreducible continuous unitary representations of 
G. Hence we have proven the following proposition. 

Proposition 4.3. We have G = a(7^(Aut(j(G)) . 

One can push this analysis a little bit further. Dividing the sequence 

G A Nk{G) ^ Aut(G) 
by G we get another sequence 

G/G ^ Nk{G)/G ^ Aut(G)/Inn(G) =: Out(G) 

so that 

G/G = aQ^Ont^iG)) (20) 

where Outg(G') = Ant^iG) /lnn{G). Notice that Ker(ao) = Ck{G)/Z{G). 
Therefore G = G if and only ifG/G = {l}, if and only if 

Ck{G)/Z{G) = {1} and ao(Nx(G)/G') n Out^{G) = {1} . 

We are now ready to summarize the above discussion and draw some 
conclusion. 

It follows from the equation ()20|) that G/G can be identified with the 
group of (unbroken) internal symmetries of the net J-''^ that act trivially on 
the set of its DHR sectors. To see this let p be an irreducible DHR endomor- 
phism of A (with finite statistical dimension by our previous assumption) 
localized in a double cone O G /C. Moreover, let Hp C JF(0) be the corre- 
sponding G— invariant Hilbert space of isometries. Hp carries an irreducible 
unitary representation Up of G defined by 

Up{g)V:=gVg-\ VeHp,geG. 
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Now let k G NxiG) and let a := Ad/i;|^ be the corresponding internal sym- 
metry of A. Then, a acts on p by 

p ^ Pa := Oi o p o a^^ . 

\i V E Hp then kVk~^ E Hp^ (a unitary transformation). Moreover, for 
every g E G, 

UpMkVk-^ = gkVk-'g~' = kup{a^{k){g))Vk-\ 

Hence Up^ ~ o aQ{k) and our claim follows since if pi,p2 are DHR endo- 
morphisms of A with finite statistical dimension then pi ~ p2 if and only if 
~ Up^ , see [21] . 

Thanks to the above identification we get immediately the following 

Theorem 4.4. Let A = T'^ he an observable net satisfying all our standing 
assumptions. Then one has 



if and only if A has no nontrivial (unbroken) internal symmetries acting 
identically on the set of its DHR sectors. In particular, if A has no nontrivial 
internal symmetries then the above equality of nets holds true. 

It has been suggested by R. Haag that the existence of nontrivial internal 
symmetries for A is not compatible with the claim that "the net of observable 
algebras defines the theory completely without need of further specifications" 
[3L Sect. IV. 1]. 

We briefly list few special cases for which the computation of G is partic- 
ularly straightforward: 

(i) If G is abelian, then AuIqIG) is trivial so that G = ker(ao) = Ck{G). 
For instance, if K = 0(2) and G = 50(2) then G = G. 

(ii) If G has no outer automorphisms, namely Aut(G) = Inn(G), ^ then 
G = Nk{G). (The same conclusion holds true if G satisfies the weaker 
condition that Aut(G) = Aut^(G).) 

^In the mathematical literature, the groups for which Aut(G) = lnn{G) and whose 
center Z{G) is trivial are called complete. 
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(iii) If G is quasi- complete, meaning that AvXq{G) = Inn(G'), then G = 
G-Qk{G). 



In particular we have obtained the following result. 

Corollary 4.5. If the gauge group G of A has no outer automorphisms then 
the following conditions are equivalent: 

(1) G = Nk{G), namely A = J-'^ has no nontrivial internal symmetries, 

(2) = C% . 

A special case of this situation can be obtained by taking T to be the net 
generated by a hermitian scalar free field and G = K = Ij^-, see (TUl Subsect. 
4.1], cf. also mi EH CHI- 

5 Classification of local extensions 

So far we have been dealing only with the classification problem for subsys- 
tems of a given system. However to some extent our methods can be useful 
to handle the extension problem as well. 

We assume that a local theory A has been given, acting on its own vacuum 
Hilbert space l-ijs,. 

The goal of this section is to setup a framework for classifying all the 
possible (local) extensions B D A with some additional properties. 

The assumptions on A and B should allow one to perform the Doplicher- 
Roberts reconstruction procedures and have a good control on the way these 
are related. We show below how this can be achieved in the case where "the 
energy content of B is already contained in A" . 

In order to be more precise, let us assume throughout this section that 
A satisfies the same axioms as in the previous section also including that it 
has at most countably many DHR sectors, all with finite statistics. We shall 
however not need the split property for JF4. 

Definition 5.1. A local extension of the local covariant net A is a local net 
B satisfying irreducihility on its separable vacuum Hilbert space Hb, Haag 
duality, covariance under a representation Vs fulfilling the spectrum condition 
and uniqueness of the vacuum, and containing a covariant subsystem Ai such 
that the corresponding net Ai is isomorphic to A. 
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In agreement with our notation, since A and Ai are isomorphic, we shall 
naturally identify A and Ai and write A C B. 

In order to state our result, we need two more assumptions. The first one 
is of technical nature. We require the local extension B as above to satisfy 
the condition of weak additivity, namely 

BiM^) = \J B{0 + x) 

for every (9 G /C. Then the Reeh-Schlieder property and Borchers property 
B also hold for B. The second hypothesis, on the energy content, is that 

ye(/,M^) C ^(M4) (21) 

(on Tig). As a consequence, A is full in B. The meaning of this assump- 
tion is to rule out a number of unnecessarily "large" extensions obtained by 
tensoring the net A with any other arbitrary (local, covariant) net, cf. 0. 

Theorem 5.2. Let A he an observable net satisfying all the standing assump- 
tions in Section 4- Let B be a local extension of A, satisfying weak additivity 
and the condition Hljj. 

Then B is an intermediate net between A and its canonical field net Tj^, 
and in fact B = J^^, the fixed point net of under the action of some 
closed subgroup H of the gauge group of A. 

Proof. Since we assume that A is covariant and the spectrum condition holds, 
all the DHR sectors of A are automatically covariant with positive energy, 
see Theorem 7.1]. It follows that JF4 = JF^ c where J^a,c denotes the 
covariant field net of |211 Section 6]. 

By assumption, it is possible to perform the Doplicher-Roberts construc- 
tion of the covariant field net Tb^c of B and embeds into Tb^c as a covariant 
subsystem |1H Theorem 2.11]. 

We will make use of Proposition 14.11 

It is not difficult to see that the natural representation oi A OYiTijr^ ^ is a 
direct sum of DHR representations (cf. Sect. 3, ^1 Lemma 4.5] and also [TUl 
Lemma 3.1]) and thus, by Proposition 14.11 still decomposable into a direct 
sum of irreducible DHR representations with finite statistics. 

Arguing similarly as in Sect. 3, it follows that the representation of 
JF4 = JF4 c (thought of as a subsystem of J^b,c) on the vacuum Hilbert space 
Tijc-g ^ of J-'b,c is a multiple of the vacuum representation of JF4, and thus 



23 



there is a unitary W : Ti-j^g^ Tijr^ ® JC, for a suitable Hilbert space /C, 
such that 

WFW* = F®I,c, F eJ^aC J^b,c 

(see e.g. the paragraph preceding Theorem 3.1 and Proposition 3.2) and 
moreover WU^^ W* = U^^ ® U for some unitary representation [/ of P on 
/C with positive energy, cf. [lOj, p. 96. 

Note that, by uniqueness of the vacuum, if the multiphcity factor /C is 
nontrivial then U has to be nontrivial as well and in fact with a unique (up 
to a phase) unit vector Q/c which is invariant under translations. To see this, 
without being too much involved in domain problems which nevertheless can 
be solved with the help of the spectral theorem, we consider the situation 
where U2 and U are unitary representations of Mf^ satisfying the spectrum 
condition and Ui = U2 ® U . Then the corresponding generators satisfy the 
relation 

Pl = P2®I + I(S)P . 

Let us assume that f/j has a unique invariant vector i = 1,2 (actually 
i = 1 would be enough). Since Pi^i = 0, the spectrum condition easily 
implies that (P2®-^)^i = and {I ®P)Qi = 0. Therefore it follows from the 
first equation that Qi = Q2 ® ^ for some vector Q and from the second that 
PQ = 0. Thus U has an invariant vector as well, and this must be unique. 
(In alternative, the same result could have been shown with the help of a 
Frobenius reciprocity argument.) 

Going back to our situation, one can choose fl/c so that WQjr^ ^ = Qjr^® 

Now, by the assumption on the energy-momentum operators, one must 
have f/jF^ O f/ = f/jF^ (g) / on WHb C WHyr^ ^ = Hjr_^ ® IC. It follows from 

the last relation that WT-Lq C ® Qjc = JF4 eg) 1(^2 ® i^ic)- Therefore 
WBW* C ® /, i.e. Be J^A on H^Fs,,. 

Recalling that Ujr^^ G B(M.4) on Hj^^ ^, one can finally argue that U is 
trivial on JC and this immediately yields the conclusion that /C = C and 

= Tb^c . (22) 

Thus we are back to the situation A C B C Ta discussed in ^1 Section 
4] and whence 
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for some closed subgroup H oi G = G^, see e.g. jTH Theorem 4.1]. Thanks 
to Proposition 14. II now it follows from IT, Corollary 4.8] that 



— ^B,c — 

and all the DHR sectors of B are covariant as well. □ 

A Proof of Theorem EI3 

In this appendix we give a proof of Theorem 13.31 Our proof relies on various 
ideas from jH Sect. V]. For related problems see |3S1 Section 4]. 

We first recall a convenient notation for the wedges introduced in jH] (cf. 
also ^). Let /i,Z2 be linearly independent lightlike vectors in Vj^. Then the 
region 

W[li, h] := {ah + /3/2 + : a > 0, < 0, ■ /i = 0, 2 = 1, 2} (23) 

is a wedge and every wedge in W is of the form W\li, l2\ + a for suitable /i, I2 
and a G M4. Moreover, Vr[/i,/2]' = W^[^2,^i]- Now let be a net satisfying 
the assumptions (i)-(x) and assumption (A) on triviahty of superselection 
structure in Sect. |2l Given a wedge W\li, Z2] we shall denote by A[Zi, /2](^) the 
corresponding one-parameter group of Lorentz transformations (cf. |H| I3()j). 
With this notation if A[/^ is the modular operator for (jF(iy [/i, /2]), ^) then 

= ^(A[/i,y(t),o): 

In |3] Borchers considered the intersection of two wedges W\l, Zi], W\l, ^2] 
and made the following observations: 

a) W[l, li\ f\W[l, 12] is a nonempty open set; 

b) K[l,h]{t){W[l,k] n W[l,l2]) C W[l,k] n W[l,l2] for t < 0. 

Moreover one finds A[l,h]{t)l = e-'^'^H and A[Z,Zi](t)/i = e'^^'Hi. 

Now let S" be a subset of M4 which is contained in some wedge in W. We 
define (cf. |1HI Sect. Ill]) 

^tt(5) := Pi J^{W). (24) 

wds 

It is easy to see that the map S 1-^ JFS(S') isotonous and covariant, namely 
J^»(5i) C J^»(^2) if ^1 C ^2 and U{L)J^^{S)UiL)-^ = T\LS) for every 
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Lev. Clearly J^^{W) = J^{W) and J^»(C>) = T{0) for every W e W 
and every (9 G /C but for other regions (even for intersections of family of 
wedges) the equality could fail and in general, if 5* is open and contained in 
some wedge, J-'{S) C J-'^{S). 

Similarly, if ,B is a Haag-dual covariant subsystem of JF we define 

B\S) := Pi B{W). (25) 

Then, the map S i-^ B'^{S) is isotonous and covariant and ^"(5') coincides 
with B{S) if ^ e W U /C. 

Now, given two wedges /i], [/, /2], the observation of Borchers a) 
and b) recalled above and the Bisognano Wichmann property imply (cf. [21 
Lemma 2.6]) that the inclusions of von Neumann algebras 

PiW[l, h] n W[l, k]) C J'iWil, k]) « = 1, 2, (26) 

are -half-sided modular inclusions in the sense of jU Definition II. 6.1]. Hence, 
by a theorem of Wiesbrock, Araki and Zsido (see jSO] and j3J Theorem II. 6. 2]) 
there are strongly continuous one-parameter unitary groups Vi{t),i = 1,2, 
with nonnegative generators, leaving the vacuum vector invariant and such 
that 

V,{t)J'iW[l, imi-t) C J'iWil, h]), 1 = 1,2, t>0, (27) 

PiW[l, h] n W[l, h]) = V,{l)T{W[l, /.])\/.(-l), 1 = 1,2. (28) 

Moreover, for i = 1,2 and t G M, Vi{t) is the limit in the strong operator 
topology of the sequence 

(A[,:rA;^^,)", (29) 

where ^[i^i^^i^] denotes the modular operator of JF^(iy[Z,/i] fl iy[/,/2]) corre- 
sponding to VL. As a consequence, JFS(iy [/, /i] fl W\l, l2\) is a a factor of type 
nil. Note also that by Borchers' theorem j21 Theorem II. 9] we have, for 
i = l,2 and t, s G M, 

Af,y\/,(.)A-;, = V,{e-'-\s) (30) 
The following lemma motivates the introduction of the algebras JFS(S'). 
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Lemma A.l. Ifl,li,l2 are lightlike vectors in the closed forward lightcone 
such that I, li are linearly independent, then the following holds 

T\w[i, h] n w[i, h])' = ZT{{w\i, h\ n w\i, h\)')z* (31) 

Proof. We have 

P{w[i,h]nw[i,h]y=i n HW) 

\WDW[i,h]nw[i,i2] 
WDW[i,h]nw[i,i2] 

y zj^{w')z* 

w:iW[i,h\r\W[i,i2] 

= z I y T{w) z* 

\wc(w[i,ii]riW[i,i2]y / 

= zj^{{w[i,h]nw[i,k]y)z*, 

where in the last equahty we used the convexity of W[l, h] fl W[l, I2] and [17| 
Proposition 3.1]. □ 

Proposition A. 2. Ifl,li,l2 are lightlike vectors in the closed forward light- 
cone such that I, li are linearly independent and W & W then 

^(M4) = J^{W) V J^{W'), (32) 

^(M4) = Piw[i, h] n w[i, k]) V J'iiwii, h] n w[i, k])'). (33) 

Proof. We only prove the second assertion. The proof of the first is similar 
but simpler. By Lemma fA. II we have 

{Pmi, h] n w[i, h]) V J^im^, h] n w[i, h])'))' 

= J^\w[i, h] n w[i, k])' n mw[i, h] n w[i, k])')' 

= z {tKw[i, h] n w[i, k]) n J^i{w[i, h] n w[i, k])')) z*. 

Now let 

F e P{W[i, h] n W[l, k]) n ^((ly [/, h] n w[i, h])') 
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be even with respect to the grading (i.e. kFk=F). Then, by graded locahty, 

F e J'^iwii, h] n W[i, k]) n PiW[l, h] n w[i, k])' 

and hence F is a multiple of the identity because J^'^(W[l, li] fl W[l, I2]) is a 
factor. If 

F e P{W[i, h] n W[l, h]) n h] n w[i, k])') 

is odd then ZFZ* = inF and hence inF commutes with F*. It follows that 

FF* = —F* F 

which implies F = 0. □ 

Corollary A. 3. If B is a local Haag-dual covariant subsystem of l,h,l2 
are lightlike vectors in the closed forward lightcone such that /, li are linearly 
independent and W then, on Hyr, we have 

:Fb{m,) = :Fb{w) v MW), (34) 
^h(M4) = k] n w[i, k]) V Miw[k k] n w[i, k])'). (35) 

Proof. By Prop. IA.2I (applied to JFg instead of JF) the claimed equalities hold 
on TijTg and the conclusion follows from Prop. 13.21 □ 

Lemma A. 4. The set {W[l,li] fl Wlkk])' is path connected. 

Proof. Recall that, given a set S, S' = (5"^)° is defined as the interior of the 
spacelike complement S'^ of S. 

In order to simplify the notation, set Wi := and W2 := iy[/,/2]- 

Then W^i n TVs 7^ and W{r] W^_£ 0. 

One has iW{ U W^Y = PFi n 14^2 011 Prop. 2.1, b)] and moreover (W{ U 
W^Y^ = (Wi n W^s)' is open |17l_^rop._^.6, a)]. 

We claim that one also has {Wi f] W2Y = [{Wi f] W2Y]" = (Wi n VTs)'- 
The inclusion " C" is clear. The opposite inclusion is a consequence of the 
following three facts: 

1) {WinW2Y = ^{W : n W2 C W^}, as follows by [47, Theor. 3.2, 
a)], by taking into account the fact that the l.h.s. is actually open; 
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2) [{WinW2Y]° = U{W : WiHWiCW^} = U{W : WinW2 CW^}, 
where we use the fact that the spacehke complement of an open set is closed 
and the inclusion [{Wi fl H^2)T ^ U{W : WinW2 C W} can be proven 
with t he help o f |171_Prop_3.1]; 

3) Wi n W2 = (Wi n W2), as it can be easily shown recalling that Wi 
and W2 are open and convex. 

Finally, since W[ U W2 is connected it is not difficult to see that {Wl U 
W2Y'^ = (Wl n 14^2)' has to be connected too. In fact, if S is open and 
connected and p G S'^'^ \S, p being spacelike to S'^, one has that p belongs to 
the complement of S'^. Since S is open, this means that the open lightcone 
pointed at p intersects S in at least one point, say q, and there is a timelike 
segment joining p and q in S'^'^ (cf. the paragraphs preceding |T71 Proposition 
2.2]). 

The proof is complete. □ 

Proposition A. 5. Let B be a (not necessarily local) Haag-dual covariant 
subsystem of and let W[l,li],i = 1,2 as above. Then there is a vac- 
uum preserving normal conditional expectation of J^'^{W[l, h] fl W[l, I2]) onto 

Bi{w[i,h]nw[ij2\). 

Proof. It follows from the Bisognano-Wichmann property and the covariance 
of B that for every W ^ W the algebra B{W) is left globally invariant by the 
modular group of J-'(W) associated to Q. Hence, by jlB], there is a a vacuum 
preserving conditional expectation ew of J-'{W) onto B{W). Now let F e 
T^{W[l, h]r]W[l, h]) and Wa, Wb be two wedges containing W[l, h]r]W[l, k]. 
Moreover, let Xa e and Xb e W^. Since {W[l,h] n W[l,l2]y is path 
connected by Lemma [A. 41 (and open by definition), we can find double cones 
Oi,...,On all contained in n W[l,l2])' such that Xa G Ci, Xb G C„ 

and OiHOi+i ^ 0, fori = l,..,n-l. Then, recalling that W[l,li]r\W[l,l2] is 
convex, we can use jUl Prop. 3.1] to infer the existence of wedges Wi, Wn 
containing W[l, h]nW[l, k] and such that Wi = Wa, Wn = Wb and Oi C Wl, 
i = 1, ...,n. Thus, in particular, we have Wl fl VFj+i 7^ 0, for i = 1, n — 1 
and hence is cychc for Z{J^{Wl)nT{Wl_^_^))Z* and separating for J^{Wi) V 
J^(Wi+i), i = I, .■■,n — 1. Thus, it follows from 

ewXF)^ = EbF^ = ew^UF)^^ ^ = l,...,n-l, 

that SwSF) = ^Wb{.F). As a consequence the restriction of Sw to the algebra 
T^{W[l,h] n W[l,l2]) does not depend onW ^ W[l,h] n W[l,l2] and gives 
the claimed conditional expectation. □ 
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As a consequence of the Bisognano-Wichmann property, of Prop. IA.5l and 
of the results in ^Hl; for every Haag-dual covariant subsystem B of JF, the 
one-parameter groups ^fi^, i = 1,2 and A|j*^^;^] commute with Eq. Hence, 
by (j29j) commutes with Vi{t), i = 1, 2. Moreover, for i = 1,2, the following 
hold 

B{W[l,h]) = J^{W[l,k])n{Esy, (36) 

B^iw[i, h] n w[i, k]) = T^iw[i, h] n w[i, k]) n {E^y. (37) 

Hence using Eq. (|28|) we find 

B^{W[l, h] n W[l, h]) = V,{l)B{W[l, h]m-l), 1 = 1,2. (38) 

In the following if M is a von Neumann algebra onTijr globally invariant 
under Adn{-) we shall denote the Bose part of M, i.e. = M n {«}'. 
Accordingly if S is a covariant subsystem of JF then B'^IS) = B{S)^ for every 
S G /C U W and for an arbitrary open set S we have B''{S) C ^3(5)^. 

Proposition A. 6. IfB is a local Haag-dual covariant subsystem of J-', I, li, I2 

are lightlike vectors in the closed forward lightcone such that I, Zj are linearly 
independent and W eW then 

J^Biwy n J^{Wf = TeiM^y n J^{W)\ (39) 

Psiwi^, h] n w[i, k])' n J^\w[i, h] n w[i, k])' 

= MM^y n Piw[i, k] n w[i, k]Y. (40) 

Proof. We only prove the second equation. By Corollarv I A. 31 we obtain 

j^B{M^yr]Piw[i,h]nw[i,k]Y 
= h] n w[i, h]y n P{w[i, h] n w[i, h])' n Mm^, h] n w[i, h]yy 

and the conclusion follows since (e.g. by Lemma fA.l|) 

Piw[i, h] n w[i, k])' c Mmi, h] n w[i, y)')'- 

□ 

Corollary A. 7. Let B, I, h, h as in Prop. \A.fA and let Wi,W2 eW be such 
that Wi C W2 . Then the following hold 
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(a) Tb{w^)' n Tiy^^y^ c Tb{w^)' n T{w<,)\ 
(h) [/, h] n w[i, h])' n P{w[i, h] n [z, /2])'' 

(irB{w[i,k])'nHW[i,k])\ z = i,2. 

For a local Haag-dual covariant subsystem B of JF, Z, Z^, ^2 as in Prop. IA.6I 
and G W we shall now use the following notations 

Nb{w) ■.= TB{wyr\j'{w)\ (41) 
Nb{w[i^ h]^w[i, h]) := P^i^li, h]nw[i, i2]ynPiw[i, h]nw[i, k])'. (42) 

Proposition A. 8. Let B be a local Haag-dual covariant subsystem of J-' and 
let I, /i, I2 as in Prop. \A.(A Then the following holds 

(a) Vi{t)NB{W[l,h])V,i-t) C NB{W[l,h]), 2 = 1,2, t > 0, 

(b) Nb{W[1, h] n W[l, k]) = V,{1)Nb{W[1, y)\/.(-l), i = l,2. 

Proof, (b) follows easily from Eq. and Eq. (with J^b instead of B) . 
Now, recalling that by (b) in Corollary I A. 71 we have 

Nb{W[1, h] n W[l, k]) C Nb{W[1, h]), 1 = 1,2, 

it follows from Eq. ()30|) and the covariance of the map W 3 W Nb{W) 
that, for every s G M, i = 1, 2, 



V,{e-'nNBm, h]m-e~'n = A^f,,, \/,(l)Ar^(iy [/, y)l^,(-l)A-;, 

= Al,^^NB{W[l,h]nW[l,h])A^-^ 

c Ai;,^^NBmM)^m 

= NB{W[l,k]) 

and also (a) is proven. □ 

Lemma A. 9. Let B be a local Haag-dual covariant subsystem of J-' and let 
I, li, I2 as in Prop. \A.(A Then, for i = 1,2, the following holds 



Nb{W[1, = Nb{W[1, h] n W[l, h])^. (43) 

In particular 



31 



Proof. We use a standard Reeh-Schlieder type argument. By Prop. IA.8| 
recalling that Vi(t)i7 = i7 for t G M, i = 1, 2, we have 

Ns{W[l,h]nW[l,l2])^ = V,{l)NB{W[l,h])Q 

c Ns{w[i,k])n. 

Now let e {NB{W[lJi]nW[l,l2])^)^- Then if ^ e NB{W[lJi])n and 
t > 1 we have {ip,Vi{t)^) = 0. Since the self-adjoint generator of Vi{t) is 
nonnegative, the function t h-> {ip, Vi{t)^) is the boundary value of an analytic 
function in the upper half-plane. Hence, by the Schwarz reflection principle, 
it must vanish for every t G M. It follows that ('?/', — hence that 

iNsiw[i,h]nw[i,i2m^ c {N,3{w[iJi])n)^. □ 

Lemma A. 10. Let B a local Haag-dual covariant subsystem oj T . Then, for 
every wedge W G W, the following holds 

Ns{W)n = Ns{W')n (45) 

Proof. Let Jw be the modular conjugation of J-'{W) with respect to Q. Then, 
by the Bisognano-Wichmann property, Jw^{W)Jw = ZJ^{W')Z*. More- 
over Jw commutes with k and Ejr^. Hence 

JwMW)Jw = JwHW) n {E:pJ'Jw = ZTb{W')Z* 
and consequently JwNb{W)Jw = ZNb{W')Z* . Accordingly, 

NB{w)vt = JwNB{w)n = zNB{W')n = NB{W')n. 

□ 

Proposition A. 11. Let B a local Haag-dual covariant subsystem of T . 
Then, the closed subspace 

NB{W)n 

of Tijr does not depend on the choice of W E W. Accordingly, the family 
{Nb{W) : W G W} is a coherent family of modular covariant subalgebras of 
{J^{W) -.W eW} m the sense of Jl^ Definition VL3.1]. 

Proof. Let li, I2 and be two pairs of linearly independent lightlike vectors 
in the closed forward lightcone. If li and l'^ are parallel then Vr[/'i,/2] = 
/a] and hence by Lemma lA. 91 

NB{W[l[,l'2])n = NB{W[hM)^- 
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On the other hand, if li and l[ are hnearly independent, using Lemma lA.91 
and Lemma [a. 101 we find 

= Ns{W[l[,k])Q = Ns{W[l[,l',])Q. 

To complete the proof it is enough to show that for any given wedge W 
the subspace NjgCW + a)Q does not depend on a G M4. To this end we 
observe that NsiW + a)n = U{I, a)'N^iW)n and that, by Corollary 1X71 
NsiyV + a) C Nq{W) ifW + acW. Because of the positivity of the energy, 
the conclusion then follows by a Reeh-Schlieder type argument. □ 

In the following we shall denote the closed subspace Nq(W)Q by 
without any reference to the irrelevant choice of the wedge W & W and the 
corresponding orthogonal projection by -^ATg. We now define for every open 
double cone O E IC 

Nb{0) := fl Nb{W). (46) 

We have the following: 

Proposition A. 12. For every wedge W eW one has 

MW) = V ^h(O). (47) 

ocw 

We split the proof of this claim in a series of lemmata. 
Lemma A. 13. Let O be any double cone, then one has 

Nb{0)e.^ = n MW)Er,^ . (48) 

Proof. The inclusion "c" is clear, "d": let X denote a generic element 
in the r.h.s., then for every W D O there exists Xyy G Ni3{W) such that 
X = Xw\hnj3- have to show that if VFq, Wb D O then Xy/^ = Since 
O' is connected we can use the argument in the proof of Proposition IA.5I to 
find wedges Wi, Wn containing O, with Wi = Wa, Wn = Wb and such that 
fl is separating for J-'(Wi) V J^(Wi+i), i = I, .■■,n — 1. The latter property 
implies that X^y- = X^y-^-^, i = 1, ...,n — 1, and hence that X^^ = X^^. □ 
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Lemma A. 14. For any double cone O one has Nq{0)Q = Ti^^. 

Proof. Consider the family of algebras N{0) := NB{0)Er^^ and N(W) : = 

NBiW)Eff^ on Hnb- Since by the previous lemma N{0) = HwDoNiW) one 
deduces that 

N{oy = \J N{wy = \J N{wY = ( \J N{w)y 

wdo wcO' wcO' 

(in the second equality we used the fact that Jw^(}V)Jw = J-'^(W')). 
Now ywcO'N{W) C VwcO'^iW) = T{0'), therefore VL is separating for 
yw(iO'N{W) and henceforth for yw(iO'N{W) = {ywcO'N{W))Ej^^ and also 
for {ywcO'N{W)y = Z{ywcO'N{W))Z*. Thus n is separating for N{Oy. 

□ 

Lemma A. 15. For every wedge W one has N(W) = \/ocw^{C)) ■ 

Proof. The inclusion "d" is clear. Now let R denote the r.h.s. and a the 
modular group of {N(W),Q), then (7t{R) = R, t G M since a acts like W- 
preserving Lorentz boosts on the double cones O C W. But Rfl is dense 
in T-Cnb conclusion follows by Takesaki's theorem on conditional 

expectations [10] • □ 

We are ready to prove the following theorem. 

Theorem A. 16. Let B be a local Haag-dual covariant subsystem of and 
assume that jFg is a full subsystem of T . Then, for every wedge W G W, 

J^BiwynT{wf = CI. 

Proof First recall that TeiWy n J^{Wf = NeiW). By Prop. ESI we have 
NeiW) = TeiM^y n J^{Wf. Hence, for every O E JC, 

NsiO) c Pi (JS(M4)' n J^iw)) = J^siM^y n J^(0) = ci 

WdO 

and the conclusion follows by Prop. IA.12I □ 

Corollary A. 17. Let B be a local Haag-dual covariant subsystem of and 
assume that Tb is a full subsystem of T . Then, for every wedge W G W, 

j^Biwynj^iw) = C1. 
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Proof. By the Bisognano-Wichmann property the modular group of J-'{W) 
with respect to Q is ergodic (cf. (SHI Lemma 3.2]) and leaves J^b(}V) globally 
invariant. Hence, by J^eiWY r\J-'{W) has an ergodic modular group and 
consequently is either a type III factor or it is trivial but the first possibility 
is impossible because of Theorem IA.16I □ 

To conclude our proof of Theorem 13. 31 we shall show below that Corollary 
IA.17I implies that, if ;B be a local Haag-dual covariant subsystem of J-' and 
J^B is full in J^, then n J^{W) = CI. 

We set M := J^{W), N := J-'eiW) and denote the automorphism on M 
induced by the grading operator k. defines an action of Z2 on M and leaves 
N globally invariant. Let Nq and Mq be the fixpoint algebras for the action 
of on N and M respectively. We then have J^eiW) = J^BiWf = Nq. 
Moreover, by Corollary IA.171 C M is an irreducible inclusion of type 
III factors and by its proof M has an ergodic modular group cr* commuting 
with and leaving A^ globally invariant. It follows that also A'o C A^ is 
an irreducible inclusion of type III factors. By P- 48] A^ is generated 
by A"o and a unitary V such that a^^V) = —V. Then V normalizes A'q and 

G A'q. Let j3 := Adl^lTVi^nAf- Then /3 is an automorphism of period two. 
Moreover, the fixpoint algebra (A^oflM)^ coincides with N'CiM = CI. Since 
NqD M can be either trivial or a type III factor, because of the ergodicity 
of a\ we can infer that A"^ n M = CI, i.e. J^^iW)' n J^{W) = CI and this 
concludes the proof of Theorem 13.31 . 
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